The Morton-or z-curve is one example for a space filling curve: Given a level of refinement L ∈ N 0 , it maps the interval [0, 2 dL ) ∩ Z one-to-one to a set of d-dimensional cubes of edge length 2 −L that form a non-overlapping subdivision of the unit cube. In contrast to the Hilbert curve that is continuous, the Morton curve produces jumps. We prove that any contiguous subinterval of the curve divides the unit cube into no more than two faceconnected subdomains, for arbitrary dimensions d > 0. In other words, there can be at most one jump in the curve that creates a new subdomain. This result should eliminate concerns that the Morton curve may lead to an uncontrolled fragmentation of the domain.
Introduction
The Peano curve [14] and the Hilbert curve [10] are continuous maps from the line onto the d-dimensional unit cube. A large number of such space filling curves has been described in the literature; see for example [3, 9, 15] and the references therein. They are usually defined in terms of a recursive prescription. For numerical applications, the curve is made discrete and finite by bounding the depth of the recursion. The smallest units of space that are traversed are called elements. The Morton-or z-curve, originally described by Lebesgue [11] and adapted to data storage by Morton [13] , also creates such a map, but it is not continuous. In fact, it contains jumps throughout its length (see Figure 1 ). This raises the concern that a subsection of the curve may divide the space covered by its image into a large number of disconnected subdomains. Especially when the curve is used to divide a computational mesh between different processors for parallel computation, see e.g. [1, 2, 5, 8, 17] , such a property would likely increase the communication volume since the surface-to-volume ratio of a fragmented subdomain could grow without bounds. In this paper we eliminate this concern by proving that the Morton curve can lead to no more than two subdomains, where we define a set of elements to be of the same subdomain if they are connected by a finite number of element face connections. Our proof covers Observe the jumps when the z-curve runs diagonally. In the right hand image, this produces two disconnected subdomains.
both adaptive and uniform refinement in arbitrary space dimensions. We also point out that this result holds for a forest of octrees (when not counting the jump from one tree to the next, which would affect any type of space filling curve).
Concepts and Notation
There is a natural identification between Morton-ordered elements on the one hand and uniform and adaptive quadtrees [7] and octrees [12] on the other. As outlined below, we often refer to the elements as (sub)quadrants irrespective of the space dimension d. Different ways exist to formalize the definition of a general space filling curve; one is to identify a finite set of types of transformations and rules to apply them recursively [9] . In this document we restrict ourselves to the minimum required to treat the Morton curve.
The Morton subdivision of a d-dimensional hypercube [13] can be constructed by recursion. When dividing a cube into 2 d half-size subcubes, we enumerate these with the binary number
comprised of d bits q i ∈ {0, 1}. (We will drop ∩Z in the following when it is clear that we are referring to integers.) Each of the bits i corresponds to the position of that subcube in the x i coordinate direction, where 0 denotes the lower and 1 the higher half. In our convention the most significant bit corresponds to the last dimension (z in three dimensions) and the least significant bit to x ≡ x 1 . When counting through the possible values of q we see that the x 1 coordinate changes its value fastest and the x d coordinate slowest. Before a bit at position i flips, all numbers in in the lower i − 1 bits have to be counted through first. We can state one central and well known fact at this point: The flip of the ith bit amounts to a shift of the corresponding subcube parallel to the coordinate direction i. If we flip from zero to one, we move up, and else we move down the axis. It is easy to see that flipping one bit transforms the subcube into its neighbor across a face with normal direction ±x i .
We define a recursion by subdividing each subcube further using the same prescription. The root cube is associated with level = 0, with levels increasing with each subdivision. Subcubes exist at any level and are identified with the root of a corresponding subtree. Level-L subtrees are also called subquadrants. We count the sequence of level L (sub)quadrants with the index
where the level-wise indices q are defined as in (1) . Each of them designates a choice of subquadrant from the first subdivision = 1 to the last at level = L. This sequence of choices can be understood as the path from the root to the leaf of a decision tree, where each decision is between 2 d possibilities.
We define a full or complete subtree by the set of all its descendant quadrants. A subtree is incomplete if the quadrants form a subset of descendants that are contiguous with respect to the indexing (2) . We call such a subset a segment of a Morton curve in the following (two examples are depicted in Figure 1 ).
We will make use of the following symmetry property of the Morton curve: It can be traversed forward or in reverse. The reversal amounts to go through the indexing (2) by counting backwards. A quadrant is transformed into the reverse ordering by taking the bitwise negation (the one-complement) of its index,
Geometrically, this operation mirrors the quadrant around the center point of the root cube.
Illustrated Proofs for d ≤ 3
In this section we prove a set of statements for up to three dimensions by providing selected illustrations and covering all possible cases. We provide abstract proofs for arbitrary dimension d later in Section 4 that do not rely on the present section and are in fact more concise; the reader may jump forward if so inclined.
We begin with statements that assume a curve that either begins with the first subquadrant of the unit cube or ends with its last subquadrant. In a second step, we use these statements to prove the final result. All statements are stated for arbitrary levels of refinement L ≥ 0. In fact, all statements are trivially true for one dimension d = 1 (with no jumps at all); in this section we cover d = 2 and d = 3. Proposition 1. In a quadtree (or octree) T that is uniformly refined to level L, a contiguous segment of a Morton curve that begins with the first subquadrant in T creates exactly one subdomain of face-connected quadrants, no matter where it ends.
Corollary 2. In the situation of Proposition 1, a contiguous segment that ends with the last subquadrant in T creates exactly one face-connected subdomain, no matter where it begins (see Figure 2 for an illustration). Proof. Assuming that Proposition 1 is true, we can use the symmetry of the zcurve with respect to reversal to transform the present problem into the setting covered in Proposition 1.
Proof of Proposition 1. We proceed by induction over L. Starting with L = 0, we only have one element and the statement is true. Supposing L > 0, we can identify the number j ∈ [0, 2 d ) that designates in which level 1 subquadrant of the tree the last level L subquadrant of the segment lies. If j = 0 then the whole segment is contained in a level L − 1 subtree and we can apply the induction assumption. Each of the remaining cases produces j full subtrees and one possibly incomplete one. That last subtree necessarily contains its first level L subquadrant q. Since this subtree produces one subdomain by induction, we are done by arguing that the full subtrees are face-connected to each other and to q, directly or indirectly. For two dimensions we show the three possible cases in Figure 3 , all of which satisfy the statement. For three dimensions we proceed by enumeration as well; we show selected situations in Figure 4 to conclude the proof. Now that we have identified situations that produce one subdomain only, we can prove the main statement for arbitrary segments by a divide-and-conquer Proposition 3. In a quadtree or octree that is uniformly refined to level L, a contiguous segment of the Morton curve creates no more than two distinct face-connected subdomains.
Proof. We proceed by induction over L. Again, the case L = 0 leaves nothing to prove. If the segment of the curve is contained in one level L−1 subtree, the proof is finished by induction. Else we have one subtree in which the segment begins, zero to 2 d − 2 fully covered subtrees, and one subtree in which the segment ends. To the first nonempty subtree we can apply Corollary 2, while Proposition 1 applies to the last one. Thus we know that the possibly incomplete subtrees lead to one connected piece each. The case of two nonempty subtrees is thus completed and it remains to consider three or more. Now, whenever any two adjacent nonempty subtrees have even-odd numbers, they are face-connected since at least one of them must be full. This covers the remaining three-and four-subtree cases in two dimensions. In three dimensions, this clears all situations with three non-empty subtrees. Since we can further reduce the number of remaining cases by symmetry, it remains to examine the subtree ranges (i, . . . , i + 3) through (i, . . . , 7) for i = 0, . . . , 3. All of these cases satisfy our claim; we illustrate a few in Figure 5 .
We have completed the necessary proofs for a uniform space division in d ≤ 3.
In the next section we provide a proof for arbitrary dimension d. The case of adaptive space divisions is considered in Section 5.
Proofs for Arbitrary Dimension
In this section we use induction over both the dimension and the level of subdivision to prove the main statement for all dimensions d > 0. These proofs imply the statements of the previous Section 3 as special cases. For convenience we denote any d-tant as a quadrant. We make use of the following definiton of subtree ranges. 
We use this interval to denote a specific contiguous range of subtree indices.
We define the following auxiliary statements, first considering a one-sided segment and then a general two-sided one.
Proposition 5. If a segment of a Morton curve is fully contained in the level 1 subtrees enumerated by a given I d k and contains the first or last subquadrant in this range of subtrees, then it corresponds to one face-connected subvolume.
Proof. By symmetry of the Morton curve, we can restrict the discussion to the case of the first subquadrant. Let us begin by proving the statement for subdivision level L = 1. By (3) the lowest subtree index in the segment is k2 d . This number has d zero bits from the right. All other indices in I d k have one or more ones in the lower d bits while being bitwise identical in the higher bits. For any of these indices we can flip the low bits to zero one by one, effectively transitioning through face neighbors and monotonously decreasing the index until we reach k2 d . This whole sequence of face-connected subtrees is contained in I d k . In conclusion, all trees in I d k are face-connected to k2 d and thus to each other. Now let L > 1 and assume the above statement for L − 1. To prove it for L we make an induction over d . If d = 0 we have a single subtree and can readily invoke the induction assumption for L − 1. Else there are two possible cases: Either the segment is fully contained in one of I are faceconnected, we are done. Proposition 6. If a segment of a Morton curve is contained in the level 1 subtrees I d k , it produces no more than two distinct face-connected subvolumes.
Proof. Again let us prove the statement first for L = 1. If d = 0 we have just one level 1 subquadrant that clearly satisfies our claim. For positive d we distinguish the following cases. If the segment is fully contained in either I d −1 2k or I d −1 2k+1 , we apply the induction on d . Else we know that the last subquadrant of I d −1 2k and the first of I d −1 2k+1 are in the segment. By Proposition 5 we have at most two disconnected pieces and the statement holds.
If L > 1 the case d = 0 reduces to the same statement for L − 1 and we are done by applying the induction over L. Else, the proof proceeds unchanged as above with the desired result.
We have implicitly proved the main result for any uniform level L subdivision, since a level 0 subtree trivially satisfies our claim, and otherwise the root cube is the union of the level 1 subtrees I d 0 .
Main Statement
We have completed the necessary proofs for a uniform space division, for any number of space dimensions d. As we show in this section, an adaptive space division does not require any more effort.
Theorem 7. A contiguous segment of a Morton curve through a uniform or adaptive tree of maximum refinement level L produces at most two distinct faceconnected subdomains.
Proof. Any adaptive tree of quadrants with level ≤ L can be refined into level L quadrants exclusively. This operation does not change the connectivity between boundaries of the designated subdomain. In particular, the number of faceconnected subdomains remains unchanged and the proof reduces to applying Propositions 3 (only d ≤ 3) or 6 (any d) above.
Finally, when we consider a forest of octrees as in [4, 6, 16] , we must consider the case when a contiguous segment of the Morton curve traverses more than one tree. In this case, the segment necessarily contains the last subquadrant of any predecessor tree, as well as the first subquadrant of any successor tree in the segment. By Proposition 5 we know that no jumps can occur at all (when not counting the transition between two successive trees as a jump).
Conclusion
We prove in this document that the Morton curve does not lead to a fragmentation of the root cube into more than two disconnected subdomains. Its loss of continuity in comparison to the Hilbert curve is thus controlled. This is in line with experimental results, some of which we cite in Section 1, that establish the suitability of the Morton curve for numerical applications.
In conclusion, our result appears relevant to make informed choices about the type of space filling curve to use, for example in writing a new element-based parallel code for the numerical solution of partial differential equations, or any other code that benefits from a recursive subdivision of space.
